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Abstract. The analysis of dependence of diffraction efficiency on duty cycle and modulation 
depth of phase gratings with rectangular and Gaussian profile was performed by means of 
specially designed program. An Angular Spectrum method applied for monochromatic light 
propagation in far field through phase grating was used for calculation of diffraction efficiency 
of gratings. Diffraction efficiency maps of 0-5
th
 diffraction orders were obtained for different 
grating profiles. It is shown that changing the duty cycle of grating makes it possible to tune 
smoothly the diffraction efficiency and to redirect the light intensity in required orders. 
 
1.  Introduction 
Diffraction gratings are commonly used as dispersive elements in many optical systems. Applications 
include spectrometers, switching, tuning and trimming elements in dense wavelength-division 
multiplexing, visual display technology, external cavity lasers, etc. [1-3]. The diffraction efficiency of 
grating is an important parameter since it will strongly influence the final energy delivered by the 
optical diffraction system. High diffraction efficiency can be very challenging to achieve at the 
necessary spectral bandwidth in selected diffraction order [4-6]. To address these different challenges, 
several types of diffraction gratings can be used related either to the manufacturing process (ruled 
gratings, holographic gratings, master gratings, replica gratings), the nature of the modulation (surface 
relief gratings, volume gratings, amplitude gratings), or the optical configuration (transmission 
gratings, reflection gratings) [7].  
The theoretical analysis of diffraction gratings is classically derived within the theory of scalar optics 
[9]. The diffraction grating is composed by a series of parallel and periodic ridges formed on the 
appropriate material [9]. The intensities of different diffraction orders can be  analyzed by means of 
the Kirchhoff diffraction theory considering each  ridge as a secondary source of radiation. By 
applying the Fraunhofer approximation, the discrete diffractive orders are given by the constructive 
interference position between the waves emitted by each source [10]. The diffracted intensity results 
from the product between the intensity function of a single ridge and the interference function. It 
classically features sharp peaks due to the interference function modulated by the intensity function. 
The former depends on the grating period while the latter depends on the geometry of the ridge 
[11,12]. However, as it is noted in [13], this simplified approach does not explain the relative 
intensities of the diffracted orders of a diffraction grating, because the diffraction envelope associated 
with the ridge shape and its width is ignored. Diffraction gratings with ridge width being half of the 
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period are more common, but other relationships between period and ridge width are possible [14]. 
The effect of this envelope function is so important that some diffraction orders may disappear, 
although they fulfil the above-mentioned interference condition. For instance, the simplest binary 
diffraction grating, where the width of the ridge is equal to the half of the grating period, produces a 
diffraction pattern where all even diffraction orders are missing [15]. For optical processing and 
switching, the intensity ratio of the diffracted and main beams of the grating needs to be controlled to 
within a certain range. This ratio can be affected by the variation of duty cycle and phase depth. 
In this work, we present an evaluation the diffracted order intensities of binary phase diffraction 
gratings with different duty cycles (defined as the ratio of the grating ridge width to the grating period) 
and  ridge heights (depth of phase modulation). This method is based on Angular Spectrum method 
applied for monochromatic light propagation through phase grating. Both the duty cycle and ridge 
height value were taken in account since they are directly related to the diffraction order intensity. The 
proposed method allows the calculation of the intensity of the particular diffraction orders for both 
amplitude and phase gratings with arbitrary profile. 
2.  Modelling of light diffraction by Angular Spectrum method  
Scalar approximations of phase or amplitude diffraction gratings can be derived on the basis of an 
electromagnetic theory starting with the Maxwell differential equations, while these can be developed 
into the methods of modern Fourier optics. In the object and image plane, small patches surrounding  
the analyzed point were considered and associate them with the Fourier expansion, a superposition of 
plane waves [16]. The concept of intensity is tightly related to space-frequency distribution  in the 
prediction of the phase morphology of microstructures. It was shown in [17] that  free propagation of 
light with imaging of diffraction pattern can be modeled with good accuracy by computing the 
propagation of a complex wave, which can be done using several approximations [18]. For simulating 
of the diffraction process we applied Angular Spectrum method (ASM) [19] that involves expanding a 
complex wave into a summation of infinite number of plane waves, and is suitable for both near and 
far field of diffraction [20]. In far field the ASM method recovers Fraunhofer diffraction that is used 
for diffraction efficiency analyses.  
Let us suppose the coherent light is being transmitted through the phase diffraction grating. 
Monochromatic beam of the plane waves falls normally to the grating.  
The angular spectrum of the diffracted light F0(kx,ky) is described by the expression:  
                                                (1)                                                                                                                              
The complex amplitude of the wave in the plane z=0 is described by the function u0(x,y,0). 
In fact, in the plane z=0 the integrand of (1) expresses the complex amplitude of the plane harmonious 
wave with the components of the wave vector kx, ky and kz  
                                                                                                        (2) 
The complex spectrum F0(kx,ky) depends upon the distribution of direction (time-term multiplier exp(-
it) is omitted). Variables kx =kcos, ky=kcosβ,  kz=kcos, where cos, cosβ, cos are the direction 
cosines of the wavefront normal and k=2/ is the wave number. The initial distortion of the angular 
spectrum depends upon the range of kx and ky, the width of the angular spectrum F0(kx, ky) in the plane 
z=0. The transmission characteristic of the grating T(x,y) was introduced. Every particular grating is 
characterized by its own T(x,y). 
If we define the field of the falling wave in the plane z=0 as uf(x,y), then the field behind the grating is 
defined by the formula u0(x;y;0)=uf(x;y)*T(x,y) and the angular spectrum behind the grating is equal 
to the convolution of the angular spectrum of the falling field and the spectrum of the transmission 
grating.  
In the case of phase grating diffraction, shown in Fig. 1., the grating characteristic function T(x,y) is 
equal to T(x,y)=A0exp(iΔφ(x,y)), where A0 – is constant amplitude, and Δφ(x,y) – is light phase 
modulation induced by grating. Diffraction pattern from phase grating, that produces specified light 
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phase modulation was obtained by AS in the case of unit amplitude (A0=1) and distance z=10mm>> 
(far field diffraction). The intensity of each diffraction order Im was collected and the diffraction 
efficiency was calculated by ηm=Im/I0*100%, where I0=A0
2
 – is the intensity of incident light, m – 
diffraction order. In our simulation we used =650 nm.  
 
Figure 1. Diffraction on phase grating described by function T(x,y) and imaging of diffraction pattern 
using AS. 
3.  Diffraction from phase grating with rectangular profile 
The schematic of a diffraction from phase grating with rectangular profile is shown in Fig.  2, where a 
is ridge width, b is grating period, and h is relief depth. The grating duty cycle parameter (D) is 
defined as the ratio of the grating ridge width to the period D=a/b*100%. The grating period was 
considered of being constant with  value of 5 μm, while the ridge with was varied from 0 μm to 5 μm 
resulting in D variation from 0% up to 100%.  
 
Figure 2. Schematic representation of light diffraction from phase grating with rectangular profile ( - 
wavelength of incident plane wave, n1 and n2 – refractive indexes of surrounding media and grating 
correspondingly, a - bridge width; b – grating period, h – grating depth, −3, -2, …, +3 – corresponding 
diffraction orders). 
 
A plane wave illuminates the grating under normal incidence. The phase of light that is passed through 
such grating is modulated according to the grating profiley Δφ(x,y)h(x,y).  The amplitude of phase 
modulation Δφ induced by surface relief grating can be expressed as Δφ=2π/λ(h(n2-1)) (3), and by 
refractive index grating as Δφ=2π/λ(dn) (4), where λ is the light wavelength, h – surface modulation 
depth, n2 – refractive index of grating material, d – film thickness, n – amplitude of refractive index 
modulation [9]. A duty cycle parameter was varied from 0% to 100% by step 1%.  
Diffraction efficiency for gratings with an arbitrary profile may be calculated analytically by Fourier 
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Particularly, if D=0.5 we get from Eq. (4): 
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Also, if     we get: 
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The diffraction efficiency coupled into the diffraction orders 0-6 for grating with D=50% in 
dependence on amplitude of phase modulation Δφ (0-2 rad) is presented in Fig. 3.  


























Figure 3. The dependences of diffraction efficiency of grating with D=50% on amplitude of phase 
modulation Δφ obtained for 0-6 diffraction orders. 
 
As it is seen such grating produces a diffraction pattern where all even diffraction orders are missing 
and the obtained maximum value of first order diffraction efficiency is equal to 40.5% at phase 
modulation Δφ= rad. The maximum value of 3-rd order diffraction efficiency is about 4.5% at the 
same phase depth. 
Diffraction efficiency for 0-5
th
 orders (0-5) of the rectangular profile grating in dependence of duty 
cycle (D=0÷100%) and phase depth (Δφ=0÷2 rad) is presented in Fig. 4. 
The dependence of diffraction efficiency on duty cycle at phase depth Δφ= rad is presented in Fig. 5. 
The second order diffraction efficiency increases up to 10.1% at D=25% and D=75%, while 3 
reaches the same value of 4.5% at D=16.7%, D=50.0% and D=83.3%. In the cases of D=33% and 
66% the third order diffraction is missing. In the cases of D=25%, 50% and 75%  the 4-th order 
diffraction is missing. The 5-th  order diffraction is missing in the cases of D=20%, 40%, 60% and 
80%. Therefore, changing the duty cycle of grating makes it possible to tune smoothly the diffraction 
efficiency in each order and to redirect the light intensity in required orders. 
4.  Diffraction from phase grating with Gaussian profile 
Diffraction gratings that modulate the phase rather than the amplitude of the incident light are usually 
produced using laser holography or electron-beam lithography. Gaussian intensity (irradiance) profile 





), where a defines width of the Gaussian ridge, e is base of the natural 
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logarithm, and x was varied in interval [-1,1]. The phase of light that is passed through such grating is 
modulated according to the surface topography Δφ(x,y)=2π/λ(h(x,y)(n2-1)). The duty cycle D of such 
grating is defined as the ratio of the grating ridge width a to the double distance between adjacent 




Figure 4. Map of diffraction efficiencies (0-5) of the rectangular profile grating versus duty cycle 
and phase depth. Color map corresponds to diffraction efficiency. 
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Figure 6. Profiles of gratings with Gaussian shape of ridge and different duty cycle: a – 25%, b – 
50%, с – 90%. 
 
The diffraction efficiency coupled into the 0-5
th
 diffraction orders for grating with Gaussian ridge 
profile and D=50% in dependence on amplitude of phase modulation Δφ (0-5 rad) is presented in 
Fig. 7a. For comparing the similar dependencies of diffraction efficiencies 0…5 of grating with 
sinusoidal profile are presented in Fig. 7b. 







































































Figure 7. Dependences of  diffraction efficiencies 0…5 on phase modulation  Δφ for Gaussian bridge 
profile (a) and sinusoidal one (b). 
 
As it is seen from the Fig. 7, the kinetics of diffraction efficiency of grating with Gaussian bridge profile 
looks like one of sinusoidal grating. For sinusoidal grating the diffraction efficiency of m diffraction 
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order m is described by Bessel function of the first kind, m=Jm
2
(/2) [22], where  is amplitude of 
phase modulation (Fig. 7b). The maximum diffraction efficiency is observed for first diffraction order 
and it is equal to 33.8% at phase modulation Δφ=3.6 rad. The dependence m(Δφ) of each diffracted 
order has alternate peaks and minimum values of 0%. Except for the zero diffracted order diffraction 
efficiencies of all diffraction orders have smaller values for Gaussian profile of bridge, than for 
sinusoidal one. The maximum value of 1 is about 30% (for Gaussian shape grating), while for 
sinusoidal one it is about 33.8%. It is obvious that grating with Gaussian profile and D=50% doesn’t 
correspond to sinusoidal grating (Fig. 8a). Varying the duty cycle of grating with Gaussian grating 
profile, it is possible to obtain the grating profile close to sinusoidal one (at D=62.5%), that can be 
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Figure 8. a - Profile of gratings (Sinusoidal – blue curve, Gaussian – red curve) with D=50% and 
D=62.5% for Gaussian bridge profile; b - Dependences of diffraction efficiency on Δφ (Δφ =0-5 




 orders diffraction efficiencies 0…5 of Gaussian profile grating on phase depth 
(Δφ=0÷5 rad) are shown in Fig. 9. 
As can be seen from Fig. 9, the phase grating with Gaussian bridge profile has considerably different 
diffraction efficiency map compared with rectangular profile grating (Fig. 4). In Fig. 4 the dependence 
of diffraction efficiency on duty cycle is symmetrical relative to varying of D, while the same 
dependence of diffraction efficiency for Gaussian profile grating is asymmetrical.  Maximum value of 
diffraction efficiency shifts to higher value of duty cycle due to two reasons: (i) profile of grating with 
higher duty cycle value is close to sinusoidal one (at D=62.5%), (ii) phase depth of grating with 
D>50% starts to decrease due to intersecting of adjacent bridges. Therefore the optimization of grating 
parameters, such as the phase depth and the duty cycle, could be done to obtain the maximum value of 
diffraction efficiency of required diffracted order. 
5. Conclusions 
The analysis of diffraction efficiency on duty cycle and light modulation induced by phase gratings 
with rectangular and Gaussian profile is described. Diffraction efficiency maps of 0-5
th
 diffraction 
orders were obtained for each type of grating profile. It was established missing of some diffraction 
orders for certain duty cycles of gratings with rectangular profile. The dependence of the diffraction 
efficiency on duty cycle is symmetrical relative to varying of duty cycle value for the grating with 
rectangular profile, while the same dependence of diffraction efficiency for grating with Gaussian 
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profile is asymmetrical: maximum diffraction efficiency value shifts to higher values of duty cycle and 
reaches peak value at D=62.5%. At this value the profile of grating is close to sinusoidal. Changing the 
duty cycle of grating makes it possible to tune smoothly the diffraction efficiency and to redirect the 





Figure 9. Dependences of diffraction efficiency of  the phase grating with Gaussian profile on duty 
cycle and phase depth. Color map corresponds to diffraction efficiency. 
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